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We use three-dimensional finite-element numerical simulations to fully characterize the
electromagnetic interactions between a metallic nano-tip and cantilever that are part of a scanning
microwave microscopy (SMM) system and dielectric samples. In particular, we use this rigorous
computational technique to analyze and validate a recently developed SMM calibration procedure
for complex impedance measurements in reflection mode. Our simulations show that relatively
small changes in the conductivity of the substrates can cause significant variations in the measured
reflection coefficient. In addition, we demonstrate that the bulk systemic impedance is extremely
sensitive to modifications of system parameters, namely, variations in the cantilever inclination
angle as small as 1 cause changes in system impedance that can be larger than 10%. Finally, the
main experimental implications of these results to SMM imaging and calibration are identified and
discussed. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4832456]

The ability to observe and/or control nanoscale physical
phenomena can be viewed as the backbone of most of the
nanotechnology research conducted nowadays by scientist
and engineers. The array of applications of nanotechnology
continues to expand rapidly, with beneficiaries in
electronics,1–3 materials science,4–6 biology,7,8 medicine,9

and other important segments of industry and society. As a
result, the volume, complexity, and diversity of nano-samples
that require imaging and characterization are ever increasing.
To cope with such diversity of samples, it is becoming
increasingly more pressing to develop fast, accurate, and ver-
satile broadband microscopy techniques. Several such imag-
ing techniques have been used to characterize the physical
properties of materials and devices at different length scales.
For example, optical and electron microscopes as well as
atomic force microscope (AFM) have been used to obtain
detailed structural and tomographic images of samples.10,11

Furthermore, electrostatic force microscopy (EFM)12–14 and
scanning microwave microscopy (SMM)15,16 techniques have
been shown to accurately provide the local dielectric proper-
ties of materials at the nanoscale.

A unique feature of SMM is that it combines the high
lateral sensitivity of AFM with the versatility, speed, and
accuracy of vector network analyzers (VNA).17,18 In the
SMM transmission line technique from Agilent, the VNA
generates a continuous microwave signal with a typical fre-
quency of 1–20 GHz, which is forwarded to a conductive
AFM tip. Depending on the electrical properties of the sam-
ple and the impedance between the tip-sample interfaces,
part of the microwave signal is reflected and the ratio of the
outgoing signal and reflected signal is measured by the VNA

as a scattering reflection signal, S11. While SMM is com-
monly used in semiconductor industry for dopant profiling
applications and in materials science for calibrated capaci-
tance measurements, there are several limitations that cur-
rently are not fully addressed. For instance, the effect of
varying AFM tip shape and tip-wearing during imaging, as
well as the presence of non-local stray fields, complicate the
quantitative analysis of the imaging process and limit the
accurate calibration of the microscope.

Here, we use rigorous three-dimensional (3D) finite
element modeling to characterize and improve the accuracy
of SMM calibration and measurement analysis. Our work
suggests that 3D finite-element method (FEM) modeling of
the electromagnetic interaction between the tip and sample is
a versatile technique that provides unique insights, which
are instrumental when planning an experiment, and for
understanding and validating experimental findings and cali-
brations as well. We determined the 3D electric field distri-
bution of a SMM system in contact mode and investigated
the effect of varying the conductivity of the bulk silicon sub-
strate layer and inclination angle of the probe on the capaci-
tance and resistance at the tip. In particular, our analysis
clearly shows that an accurate quantitative description of the
stray capacitance contributions from the cantilever and cone
part of the probe, key quantities that are difficult to separate
in an experimental setting, can be achieved only if 3D simu-
lations techniques are employed. The sensitivity of the tip
capacitance and resistance with variations in the operational
frequency was also studied.

The calibration sample investigated in this study is sche-
matically shown in Fig. 1(a). It comprises a relatively thick
layer of doped silicon substrate (hSi ¼ 500 l m) on top of
which a staircase layer with thickness, h¼ 200 nm, of SiO2
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was deposited. The thickness of each step in the SiO2 layer
was hSiO2 = 50 nm. On each step of the SiO2 layer, gold
nano-pads with height, hAu ¼ 300 nm, and various diameters,
D =1 l µm µm; D = 2 l ; D = 6 l µm, and D = 10 l µm were
deposited.

Figure 1(b) shows a topographical image of the calibra-
tion sample while the simultaneously acquired VNA phase
image of the S11 coefficient is shown in Fig. 1(c) (SMM
from Agilent Technologies, Chandler, USA). Using the
three-point calibration algorithm from Ref. 19 (see also the
discussion below), the calibrated capacitance image was cal-
culated and plotted in Fig. 1(d). The aim of this calibration
algorithm is to map the complete systemic reflection coeffi-
cient measured by the VNA, S11,m, to the complex imped-
ance at the tip, Zprobe, the relation between the two quantities
being given by the following system of equations,

S11; probe =
S11;m e00

e01 + e11S11;m
; (1a)

Zprobe = Z ref
1 + S11;probe

1 S11;probe
: (1b)

Here, Zref is a reference impedance, and e00, e01, and e11 are
calibration parameters. Therefore, three gold nano-pads on
SiO2 slabs of varying thickness were selected and used to
generate the three complex coefficients, e00, e01, and e11,
required to construct a black-box transfer function. This is
done by comparing the measured complex reflection coeffi-
cient, S11,m, with the theoretical one, S11,probe, and assuming
that the impedance of the oxide is fully capacitive. It is also
assumed that the capacitance can be calculated from the
parallel plate formula.

In order to analyze numerically the calibration algorithm
and validate the underlying assumptions we have computed
numerically the theoretical values Zprobe, entering in Eq. (1).
To this end, we performed a 3D finite-element analysis of
the electromagnetic interactions at the SMM tip by using the
EMPro, a commercially available software.20 As illustrated
in Fig. 2(a), our 3D model of the full SMM system includes

the complete bulk platinum AFM-type probe (cantilever and
cone), which is in contact with the sample that is investigated
(same as in the experiment). We show in Fig. 2(b) the cross
sectional distribution of the electric field amplitude at the
symmetry longitudinal plane along the length of the struc-
ture. As expected, the largest penetration depth of the elec-
tric field into the sample is seen in the region directly
beneath the tip of the probe [see inset of Fig. 2(b)].
Furthermore, the electromagnetic interaction between the
cantilever and the bulk silicon substrate indicates that the
complete system impedance is a sum of the impedance at
the tip and the impedance contributions from the cantilever
and cone. Equally important, the field distribution in
Figs. 2(b) and 2(c) suggests that 3D simulations are crucial
for obtaining an accurate description of the system imped-
ance. More specifically, it should be clear that this spatial
distribution of the field, and consequently the corresponding
stray capacitance, cannot be captured by 2D models that im-
plicitly assume axial symmetry of the system.

In order to model a calibrated SMM system only the
small radius, R ~ 100 nm, nano-sphere at the very end of the
metallic tip was considered, so as to avoid the stray field con-
tributions from the cantilever and cone. The value of R is
strongly related to the lateral resolution/sensitivity of the
SMM. The entire computational domain was enclosed in a
large air-box bounded by perfectly matched layers. The cali-
brated SMM model has a 10 GHz unit voltage applied to the
nano-sphere relative to the ground, which is located at the
bottom plane of the entire simulation domain. The tip capaci-
tance, Cprobe = 1

2πfXc
, computed by using this procedure for

gold-pad diameters ranging from D = 1 µm to D = 10 µm
and for different conductivity of the bulk silicon substrate is

FIG. 1. (a) A 3D schematic of the calibration sample, (b) topography image,
(c) VNA phase image, and (d) the capacitance image of the sample which
was obtained from the calibration algorithm.

FIG. 2. (a) A 3D model of a platinum AFM-type probe in contact with a cal-
ibration sample that consists of a gold-pad on a layer of SiO2 (shown in the
inset) all deposited on a bulk silicon substrate. The distribution of the elec-
tric field amplitude in the (b) longitudinal symmetry plane and (c) several
transverse planes of the model.
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present in Fig. 3(a). In this analysis, Xc is the capacitive
reactance at tip. At high conductivity values of the silicon
substrate (σ 100 S=m) the substrate can be considered to
be nearly metallic and as such the tip capacitance increases
quadratically with the gold-pad diameter. However,
when the conductivity of the silicon substrate is small
(σ 10 S=m), the tip capacitance increases linearly with the
gold-pad diameter. This indicates that the dopant density of
the substrate in the sample plays an important role in deter-
mining the value of the tip capacitance and should be well
known in order to obtain a reliable calibration of the SMM
system.

For the case where the conductivity of the silicon sub-
strate is 100 S/m and above, which is used in the currently
available SMM capacitance calibration samples, the plots
in Fig. 3(b) suggest that there is a very good agreement
between our 3D FEM modeling results and the experimental
data obtained from the calibration algorithm. These results
validate the three standard calibration algorithm described
by Eq. (1). Also, we present in Figs. 3(b) and 3(c) the tip
capacitance and resistance for varying gold-pad diameters
and height of the SiO2 layer. Specifically, the results sum-
marized in Fig. 3(b) demonstrate that our 3D FEM analysis
agrees fairly well with the analytical results obtained by
using the parallel-plate capacitance formula, C = εA

h , espe-
cially for oxide thickness h = 50 µm. This confirms that the
fringing field contributions to the tip capacitance are mini-
mal, as conjectured in Ref. 19. However, since the substrate
is not fully metallic, we also observe a resistive component

of the impedance that has to be considered in the calibration
procedure. This resistance decreases with the gold-pad diam-
eter and the height of SiO2 layer.

In Fig. 4(a), we compare the complete system capaci-
tance with the capacitance at the tip for 30 electrically
different (gold-pad diameter and SiO2 height) samples. We
computed the stray capacitance induced by the cantilever by
analyzing the SMM system as a network of lumped elements,
with capacitors in parallel as shown in the inset of Fig. 4(b).
Under this assumption, the capacitances in the system are
related by Cstray = Csystem Ctip. As it can be seen in
Fig. 4(b), the average stray capacitance falls within the stray
capacitance range for all values of the height of the SiO2

layer. Also, we found that the range of the stray capacitance
decreases with the height of the SiO2 layer even though the
maximum stray capacitance in each case was approximately
the same. We also modelled the variation of the stray capaci-
tance as the AFM probe approaches the sample [see the inset
in Fig. 4(a)], a physical quantity that is closely related to the
system sensitivity. Our calculations resulted in a stray capaci-
tance variation of 0.025 aF/nm along the vertical direction,
which is in the range of recent experimental measurements.18

In order to extend this calibration algorithm to the char-
acterization of arbitrary samples, it is imperative to assess

FIG. 3. (a) Tip capacitance vs. the gold-pad diameter, calculated for differ-
ent values of the silicon substrate conductivity. (b) Tip capacitance vs. the
gold-pad diameter, determined for different h, from FEM (markers), analyti-
cal calculation (solid lines), and experiment (crosses). (c) Tip resistance vs.
the gold-pad diameter, determined for different h.

FIG. 4. (a) Comparison between the full system capacitance (dashed lines)
and the capacitance at the tip (solid lines). In inset, the capacitance variation
with the tip-sample distance at h = 50 nm and D = 10 nm. (b) Stray capaci-
tance estimated as average over 30 samples. The thickness of the SiO2 layer
is h = 100nm, h = 150 nm, and h = 200 nm. (c) System impedance vs. fre-
quency, determined for different inclination angles of the probe. The model
schematics with inclined probe is shown in the inset.
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the effect of variations during imaging, as illustrated sche-
matically in Fig. 4(c). Here we outline in Fig. 4(c) the effect
of varying the inclination of the cantilever and cone, on the
bulk systemic impedance. We stress again that 3D simula-
tions are essential for this analysis as the system does not
possess axial symmetry. Our numerical simulations show
that a 1 increase in the inclination angle causes about 10%
increase in the total impedance. This finding suggests that
even small changes in the scanning set point of the SMM
could have a large impact on the measurement sensitivity af-
ter calibration. Thus, the imaging force and cantilever incli-
nation angle are maintained constant. Equally important, we
found out that at low frequencies (< 1 GHz) the resistive im-
pedance R can be neglected [Xc = 3519:57Ω; R = 42:89Ω,
black arrow in Fig. 4(c)], whereas at high frequencies (> 25
GHz) this approximation is no longer valid
[Xc = 134:11Ω; R = 43:56Ω, red arrow in Fig. 4(c)].

In conclusion, we have performed a theoretical analysis
and numerical validation of a calibration algorithm for
SMM imaging at the nanoscale. We found good agreement
between our computational results and the experimental
data. In addition, our study revealed that even small varia-
tions in the conductivity of the silicon substrate can cause
significant variation of the obtained calibration parameters.
We also estimated the stray capacitance contributions from
the cantilever and cone and found that the average stray
capacitance falls within the stray capacitance range for dif-
ferent SiO2 heights. We also demonstrated that the bulk sys-
temic impedance is strongly sensitive to variations of the
inclination angle of the cantilever. These conclusions have
significant experimental implications, as they underline the
importance of the sensitivity of a widely used SMM calibra-
tion procedure.
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